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Abstract. Let Lj,(G) be a Beurling algebra on a locally compact 
abelian group G. We look for general conditions on the weight which 
allows the vanishing of continuous derivations of I/i,(G). This leads 
us to introducing vector-valued Beurling algebras and considering the 
translation of operators on them. This is then used to connect the aug- 
mentation ideal to the behavior of derivation space. We apply these 
results to give examples of various classes of Beurling algebras which 
are weakly amenable, 2-weakly amenable or fail to be even 2-weakly 
amenable. 

Let ^ be a Banach algebra, let n > be an integer, and let A*-"^ be the n- 
th dual module of A when n > 0, and be A itself when n = 0. The algebra A 
is said to be weakly amenable if bounded derivations D : A ^ A* are inner, 
and it is said to be n-weakly amenable if bounded derivations D: A ^ A^"^^ 
are inner. The algebra A is permanently weakly amenable if it is n-weakly 
amenable for all n > 1. 

The concept of weak amenability was first introduced by Bade, Curtis and 
Dales |2j for commutative Banach algebras, and was extended to the non- 
commutative case by B. E. Johnson [T7] and it has been the object of many 
studies since (see for example, |12] . [16] . and [22] and references therein). 
Dales, Ghahramani and Gr0nbsek initiated the study of n-weakly amenable 
Banach algebras in where they revealed many important properties of 
these algebras and presented some examples of them. For instance, they 
showed that C*-algebras are permanently weakly amenable; the fact that 
was known for weakly amenable commutative Banach algebras [2], Theorem 
1.5]. They also showed that group algebras are 2n -|- 1-weakly amenable for 
all n > (for more example see [12] . |19j . and |22j). 

Let LIj{G) be a Beurling algebra on a locally compact abelian group 
G. One can pose the question of whether Ll^{G) is n-weakly amenable; in 
our case it means that each derivation from L\j{G) into -L^(G)*-"'^ is zero. 
The case of weak amenability has been studied in [2] and [14]. One major 
result states that /^(Z) is weakly amenable if and only if inf„ '^(")'^( "•) = q 
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[14j . From this, it can be easily deduced that /^(G) is weakly amenable if 
inf„ = for all t G G. 

Now it is natural to ask on what condition on the weight w, L^^iG) is 
2-weakly amenable. In their recent memoir [5], Dales and Lau have ad- 
dressed this question. They show that if a; > 1 is almost invariant and 
satisfies inf„ '^^"^^ = for all t £ G, then LIj{G) is 2-weakly amenable [U 
Theorem 13.8], and conjecture that Ll^{G) is 2-weakly amenable if one only 
assumes that inf„ ^^'^^^ = (t £ G). Ghahramani and Zabandan proved the 
conjecture with an additional condition which is weaker than being almost 
invariant [13J. 

The central goal of this paper is to study systematically, for G abelian, 
the behavior of the derivation space of Ll^{G) into the dual of an arbitrary 
symmetric Banach Ll^{G)-m.o6u\e X and to see when it vanishes. From the 
fundumental work of Gr0nbaek [H] , this question can be reduced to studying 
the kernel of the multiplication map from L^(G)(8)X into X. In the case 
of group algebras i.e. when a; = 1, it is well-known that this can be done 
by transfering the properties of the augmentation ideal of L^{G) into the 
multiplication ideal of L^{G)®L^{G) = L^{G x G) through the isometric 
isomorphism 

-f. L\G)®L\G) ^ L\G)®L\G) , ^{m){s,t) = m{s, st) (*), 

and then deduce it for any module ([i2i_, Theorem 1.8] and [31 Theorem 
2.9.65]). However, in general, this idea can not be applied in its present 
form to the Beurling algebra L^iG) because the map 7 may not be well- 
defined if we replace L^{G) with L^{G) in (*). Our approach is to consider 
a translation map similar to 7 but on L^(G)(8X. This will allow us to look 
directly at the kernel of the multiplication map on L^(G)(8'X instead of 
relying on L^{G)(^LIj{G) . However, in order to do this, we need to consider 
vector- valued integration for Beurling algebras. 

In Section [21 we introduce the concept of a vector- valued Beurling algebra 
LIj{G, A) and the module ii,(G, X), where A is an arbitrary Banach algebra 
and X is a Banach left ^-module. We show that Ll{G)^X = Ll{G,X) 
can be regarded isometrically as a module over LIj{G,A). When a; = 1, 
this concept has been thoroughly developed in [ini Chapter VIII] for cross- 
sectional algebras to construct examples of cross-products of C*-algebras 
and C*-algebra bundles. 

For the rest of the paper, we restrict ourselves to the case when G is 
abelian. In Sections[3land[ll we use the idea in Section[2]for the case where A 
is the Beurling measure algebra on a weight a and X is symmetric, to define 
a translation map such as (*) from Ll^-{G)'SiX into where a{t) = 

a{—t). This, in most of the desirable cases, connects the augmentation ideal 
of L^^{G) to the kernel of the multiplication map on L^{G)(^X (Theorem 
13. 2p . Eventually we demonstrate that if the augmentation ideal of L]^- {G) is 
essential, or equivalently, if there is no non-zero, continuous point derivation 
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on the augmentation character, then the derivation space from L^(G) into 
X vanishes (Theorem 14. Sp . 

The reminder of this paper is devoted to investigating the weak amenabil- 
ity and 2- weak amenabihty of L^(G) by applying the preceding results. 

In SectionlH we shall show that L^(G) is weakly amenable if inf{il(nt) /n \ 
n £ N} = for all t £ G, where Q{t) := uj{t)Lo{—t). This follows from the 
observation that the above assumption implies that there is no non-zero, 
continuous point derivation on the augmentation character of Lq{G). This 
result extends the result of Gr0nbffik and provides an alternative proof of it. 

For a weight w > 1, let iOi(s) = limsup . In [13j, it is shown that 

LIj{G) is 2-weakly amenable if mi{uj{nt)/n | n G N} = and uJi is bounded. 
In Section [6l we first show that there a weight o"^ on G which is closely 
related to uji. We then show that the result in [13] mentioned above is a 
particular case of the fact that 2-weak amenablility of L^(G) follows if there 
is no non-zero, continuous point derivation on the augmentation character of 
Lj^-^(G). Moreover, when is bounded, there is a precise correspondence 
between the essentiality of the augmentation ideal of LIj{G) and 2-weak 
amenability of LIj{G) (Theorem 16. 4p . This fact allows us to classify various 
classes of weights for which their corresponding Beurling algebras are 2- 
weakly amenable or fail to be 2-weakly amenable. These weights, which 
are defined on compactely generated abelian groups, include polynomial 
weights, exponential weights, and certain weights satisfying condition (S) 
(Section [7j). For instance, for non-compact groups, we show that a Beurling 
algebra of a polynomial weight of degree a is 2-weakly amenable if and only 
if < Q < 1, whereas a Beurling algebra of an exponential weight of degree 
a is never 2-weakly amenable if < a < 1. We extend the later result to a 
much larger class of symmetric weights for which the growth is exponential. 
However, we give examples of families of non-symmetric weights with sharp 
exponential growth, for which the Beurling algebras are 2-weakly amenable. 



1. Preliminaries 

Let A be a Banach algebra, and let X be a Banach ^-bimodule. An 
operator D : ^ — > X is a derivation if for all a, 6 G ^, D{ah) = aD{b)+D{a)b. 
For each x £ X, the operator adx £ B{A, X) defined by adx{a) = ax — xa is 
a bounded derivation, called an inner derivation. Let Z^{A, X) be the linear 
space of all bounded derivations from A into X. When A is commutative, 
a Banach A-bimodule X is symmetric if for all a G A and x G X, ax = xa. 
In this case, we say simply that X is a Banach A-module. 

Let G be a locally compact group with a fixed left Haar measure A. The 
measure algebra M(G) is the Banach space of complex-valued, regular Borel 
measures on G. The space M(G) is identified with the (dual) space of all 
continuous linear functional on the Banach space Go(G), with the duality 
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specified by setting 

il-^ , f)= [ f{t)dfi{t) if e Co{G),i^ e M(G)). 
Jg 

The convolution multiplication * on M{G) defined by setting 

(^*z.,/)=/ [ f{st)dfi{s)diy{t) if eCo{G), fi,ueM{G)). 
Jg Jg 

We write 6s for the point mass at s G G; the element 5e is the identity 
of M(G), and 1^{G) is the closed subalgebra of M{G) generated by the 
point masses. Then M{G) is a unital Banach algebra and L}{G), the group 
algebra on G, is a closed ideal in M[G) [3l Theorem 3.3.36]. Moreover, 
the dual of L^{G) can be identified with L°°{G), the Banach space of Borel 
measuarable essentially bounded functions on G. We let LU C{G) denote the 
closed subspace of L°°{G) consisting of the (equivalence classes of) bounded 
left uniformly continuous functions on G. 

Let G be a locally compact group with identity e. A weight on G is a 
continuous function u: G — > (0, oo) such that 

Lv{st) ^ uj{s)Lo{t) {s,teG), uj{e) = l. 

Let X be a Banach space of measures or of equivalence classes of functions 
on a locally compact group G, and let u; : G — > (0, oo) be a continuous 
function. We define the Banach space 

X{u;) := {f\u;fe X}, 

where the norm of X{uj) is defined so that the map / i-^ ujf from X{uj) onto 
X is a linear isometry. In particular, we let M^j[G) := M{G){uj), LIj{G) := 
LHG){uj), li{G) := lHG){u;), L^^JG) := L°°(G)(l/u;), LUCyUG) := 
LUC{G){1/uj), and Go,i/<^(G) := Go(G)(l/w). When a; is a weight, with the 
convolution multiplication of measures, Mi^[G) becomes a Banach algebra, 
having LIj{G) as a closed two-sided ideal and ^i(G) as a closed subalge- 
bra. Moreover, M^j{G) = LIj{G) = llj{G) if and only if G is discrete. Also 
Lfj^{G) is the dual of LIj{G), having LUCi/^{G) and Go,i/tj(G) as Banach 

L(^(G)-submodules. The algebras Ll^{G) are the Beurling algebras on G. 
For more details see [H Chapter 7]. 

2. Vector-valued Beurling algebras 

Let G be a locally compact group, let a; be a weight on G, and let i^A be 
the positive regular Borel measure on G defined by 

oj\{E) = [ uj{t)d\{t), 
Je 

where E is an arbitrary A- measurable set. It is well-known that ivX is 
well-definded since to is continuous and positive. Moreover, C G is ujX- 
measurable if and only if E is A-measurable. 
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Our references for vector- valued integration theory is [6j and liZj. Let 
{X, 1 1 - I |x) be a Banach space, and let X) be the set of all A-measurable 

(or equivalently, u; A-measurable) vector- valued functions f: G ^ X such 
that ||f(t)||u;(t)(it < oo (see P Appendix B.ll] or [3 Definition II.l.l] 
for the definition of vector- valued measurable functions). The functions 
in £^(G, X) are called Bochner ujX-integmhle since for them the Bochner 
integral exists. It is clear that £^(G, X) is a vector space with the standard 
addition and scalar multiplication. Let L^{G, X) be the equivalent classes of 
elements in £i,(G, X) with respect to the semi-norm || • || = Jq\\- \ \x^{t)dt, 
i.e. Ll{G,X) := 2l{G,X)/ ~ where f ~ g if and only if ||f-0|| = 0. Then 
LIj{G,X) is a Banach space with the above norm; it is called the Banach 
space of Bochner tjA-integrable functions from G into X (see O Appendix 
B.12] or [7, Section II. 2] for the details). It follows from the definition of 
Bochner integrable functions that the vector space of the equivalent classes 
of integrable simple functions from G into X, i.e. all the elements f:G^X 
of the form 

n 

f(-) ~ X]xA,(-)2;i, is A - integrable, Xi £ X 

i=l 

is dense in Ll{G,X) ^ Appendix B.12] or [7, Section II.2]. 

Let Coo{G,X) denotes the set of all continuous functions from G into X 
with compact support. Then, for each / G Coo{G,X), imf is a compact 
metric space, and so, it is separable. Hence / is A-measurable from [6j Ap- 
pendix B. 11(c)] or [7, Theorem II. 1.2]. Moreover, Coq{G,X) approximates 
X- valued simple functions in norm, and so, it is norm-dense in L^(G, X) 
(see [61 Theorem B. 11(d)] for the details). 

The following proposition shows that, in certain cases, there is a convo- 
lution multiplication or action on LIj{G,X). 

Proposition 2.1. Let G be a locally compact group, let to be a weight on 
G, let A be a Banach algebra, and let X be a Banach left A-module. Then: 

(i) LIj{G,A) becomes a Banach algebra with the convolution multiplication 
* specified by 

(f*g)(s)= / {{t)g{s-t)dt (f,geCoo(G,A)); 
Jg 

(ii) L^(G, X) becomes a Banach left LIj{G, A) -module with the action spec- 
ified by 

(f * g)(s) = / f (i)g(s - t)dt (f € Coo(G, A),g e Coo(G, X)). 
Jg 

Proof, (i) Let f, g G Coo{G,A). It is clear that, for every s G G, the map 
t 1-^ f(t)g(s — t) belongs to Cqo{G,A). Hence it is A-measurable. Thus, by 
[6l Appendix B.13], the Bochner integral J^f(t)g(- — t)dt exists. Moreover, 
similar to |20i Section 3.5], it can be shown that the map s i— > (f * g)(s) is 
continuous and 
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I Wif * g){s)Ms)ds ^ [ [ Wmsis - t)\\AOj{s)dtds 
JG JG JG 

^ [ f ||f(t)IUI|g(s-t)|Uu;(tV(s-t)dsdt 
JG JG 

= l|f|ll|g||- 

Therefore f * g G LI,{G,A) and, by [6l Appendix B.13], ||f * g|| ^ ||f||||g||. 
The final results follows from that of continuity and the fact that Coo(G, A) 
is dense in Ll^{G,A). 

The proof of (ii) is similar to (i). □ 

Let (X, II • ||x) be a Banach space, let u; be a weight on G, and let 
LIj{G)(^X be the projective tensor product of and X. Let / G Coo(G) 

and X £ X, and consider the function f^. : G ^ X defined by 

Ut) = f{t)x (teG). 

Clearly G C'oo(G', X) and ||fj,.|| = ||/||||a;||. Hence the map ax - Goo{G) x 
X GooiG,X) definded by 

ax(/55x) = f, if £Goo{G),x€X), 

is well-definded, bilinear, and ||ax(/ 53 x)|| = ||/||||2;||. Therefore, by conti- 
nuity, there is a unique operator, denoted also by ax, from LIj{G)(^X into 
Ll{G,X) such that 

axif ® x)it) = f{t)x (/ G Coo(G), t G G, X G X). 

It is shown in ^ Proposition 3.3, page 29] that ax is a isometric linear 
isomorphism. 

Now suppose that ^ is a Banach algebra and that X is a Banach left A- 
module. It is well-known that LIj{G)(^A turns into a Banach algebra along 
with the action specified by 

U ®a){g®h) = f *g®ah {f,ge LI{G), a, 6 G A), 

and LIj{G)(^SiX turns into a Banach left L}j{G)(S)A -module with the action 
specified by 

{f(^a){g(^x) = f*g®ax {f,g G Li(G),a G A,x G X). 

The following theorem shows that, through ax, the preceding actions 
coincide with their corresponding vector-valued convolution ones. 

Theorem 2.2. Let G be a locally compact group, let u be a weight on G, 
let A he a Banach algebra, and let X be a Banach A-module. Then: 

(i) for every u G Ll{G)®A and v G Li(G)®X, 

axiuv) = aAiu) * axiv); 

(ii) a A is an isometric algebraic isomorphism from -LjJ_,(G)(8>A onto Ll,{G, A). 
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Proof, (i) It suffices to show that, for every f,g£ Coo(G), a G A and x G X, 
Oix{f * ax) = uaU (8) a) * ax{g ^ x). 

Let s € G. Then 

axif * g ax){s) = {f * g){s)ax 

= ax f{t)g{s — t)dt 
Jg 

J 

G 

f. 

G 



[f{t)a][g{s-t)x]dt 

ctAif ^ a){t)ax{g ® x){s — t)dt 
[aAif a) * Qx(5"X' x)]{s). 



This completes the proof. 

(ii) Follows from (i) by replacing X with A. □ 

Let X be a Banach left L^(G)-module, and let uj ^ 1. Let vr^ : L^(G)(8'X - 
X and (f>^ : LIj{G)®X — > X be the normed-decreasing operators specified 
by 

T^^{f®x) = fx, (t}^{f®x) = [l f{t)dt]x {feLl{G),xeX). 



JG 

When there is no risk of ambiguity, we write tt instead of tt^ and (p instead 
of (P^. 

There is a vector- valued analogous of the above maps. However we need 
some introduction before defining them. 

We recall that, if ^ is a Banach algebra, then a Banach left ^-module X 
is essential if it is the closure of AX = spanjax | a £ A, x G X}. Suppose 
that A has a bounded approximate identity. Then, by Cohen's factoriza- 
tion theorem [3l Corollary 2.9.26], X = AX, and so, A has a bounded left 
approximate identity for X. 

Let X be an essential Banach left L(^(G)-module. Then the action of 
LIj{G) on X can be extended to M^{G) [5, Theorem 7.14] so that for every 
X £ X, the mapping t ^ 5tx from G into X is continuous. The following 
lemma allows us to construct the vector- valued version of vr^. 

Lemma 2.3. Let X he an essential Banach left LIj{G) -module. Then, for 
every f E LI{G,X), the mapping t ^ 6t[^{t)\ from G into X is Bochner 
X-integrable. 

Proof Since there is M > such that ||(5i[f(t)]|| < Muj{t)\\{{t)\\ {t G G) 
and f E LIj{G,X), it suffices to show that the mapping t i-^ 5t[f{t)] from 
G into X is A-measuarble. By [71 Definition n.2.1], there is a sequence of 
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integrable simple functions {f„} from G into X such that 



hm / ||f„(t)-f(t)||(iA = 0. 



Without the loss of generality (by going to subsequences), this implies that 
lim„^oo ||fn(i) ~ f(^)|| =0 A-almost everywhere. Therefore 

hm \\St[Ut)] - St[{{t)]\\ < Mu;{t) lim ||f„(t) - f(t)|| = 

n— >oo n^oo 

A-almost everywhere. Hence we have the result if we show that for every 
X G X and a A-measurable set E with X{E) < oo, the mapping 

t ^ 6t[xEit)x] = XE{t)6tx 

from G into X is A-measuarble. Since X{E) is finite, there is a sequence of 
compact sets {Kn} such that Kn C E for all n G N and A(E'\|J^-^ Kn) = 0. 
On the other hand, X is essential so that the mapping 1 1— > 6tx is continuous. 
Hence each {5tx \ t G Kn} is a compact metric space, and so, it is seperable. 
Thus 

oo 
n=l 

is separable. Hence, by [3 Theorem n.1.2], the mapping t i— > 6t[xEit)x] is 
A-measuarble. □ 

Let X be an essential Banach left Llj{G)-module, and let : LIj{G, X) 
X and : Ll{G, X) ^ X he the norm-decreasing operators defined by 

n^(f)= / Stinmt, $^(f)= / mdt 

Jg Jg 

for every f G When there is no risk of ambiguity, we write H 

instead of H^ and $ instead of . 

The following proposition establishes the relationship between the above 
maps. 

Proposition 2.4. Let G be a locally compact group, let LO,a > 1 be weights 
on G, and let X be an essential Banach left L\{G) -module. Then: 

(i) vr = n o ax; 

(ii) (j) = ^o ax; 

(iii) for every f G Li(G, (G)) and g G Li(G, X), 

H^ (f * g) = n^^(^)(f)n^ (g) and (f * g) = c&5(«)(f)$^ (g). 

Proof, (i) Since X is essential, the action of L\{G) on X can be extended to 
M(j{G) and X becomes a unital Banach Af(j(G)-module [51 Theorem 7.14]. 
Now to prove our result, it suffices to show that, for every / G Goo(G) and 
X G X, 

TT{f(^x) = Il{ax{f®x)). 
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We have 

7r{f0x) = I f{t)6txdt 
Jg 

= [ 5t[f{t)x]dt 
Jg 

= I dtiaxif x){t)]dt 
Jg 

= U{ax{f^x)). 

(ii) Let / e Coo(G) and x £ X. Then 

(^{f^x) = [[ fit)dt]x= [ ax{f ®x){t)dt = ^{ax{f ®x)). 
Jg Jg 

The final result follows from the continuity. 

(iii) It is straightforward to check that, for every u G LIj{G)0L^{G) and 

TT^iuv) = ^^;^(^)(n)7r^(t;) and (t>^ (uv) = <f>^'^^''\u)cf>^ (v). 

Thus the result follows from parts (i), (ii) and Theorem 12. 2l fil. □ 

The following corollary is an immediate consequence of Proposition 12.41 

Corollary 2.5. Let G be a locally compact group, let uj ^ 1 be a weight on 
G, and let X he an essential Banach left Ll^{G) -module. Then: 
(i) Q;js:(ker7r) = kerll; 
{ii) ax(ker0) = ker$. 

3. Translation of operators 

Throughout the rest of this paper, we let G be a locally compact abelian 
group and all modules be symmetric. Let a; be a weight on G. We shall 
consider the following auxiliary weight on G: 

Cj{t)=oj{-t) {t£G). 

In this section, we show that how can we transfer information from ker 
into kern;5- 

Theorem 3.1. Let lo and a be weights on G, and let X be an essential Ba- 
nach L\{G) -module. Then there is an operator Ax : L^-{G,X) LIj{G,X) 
such that: 

(i) for every f E Coo(G,X), Ax(f)(t) = <5~t[f(t)]; 

(ii) Ax is norm- decreasing linear map with the dense range; 

(iii) if a = 1, then Kx is an isometric isomorphism on LIj(G,X); 
{iv) for every f E Ll-{G, LI{G)) and g E L^- (G, X), 

Ax(f*g) = ALi(G)(f)*Ax(g). 
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Proof. By [51 Theorem 7.44], we can assume that o" > 1. Let f G Coo{G,X) 
and define Ax(f)(t) := <J-t [f (*)] for every t £ G. Clearly Ax(f) G Coo(G, X). 
Let II • 11^5- and || • denote the norms on LI^-{G,X) and LIj{G,X), respec- 
tively. Then 



|Ax(f)L = / \\Axmt)Mt)dt 
Jg 



G 



^ / \\m\\¥-tMt)dt 

\i{t)\\a{-t)uj{t)dt 



G 

— ||f||a;5-' 

Hence Ax can be extended to a norm-decreasing linear operator from LIj^{G, X) 
into LI^{G, X). Moreover, it is easy to see that Ax{Goo{G, X)) = Coo{G, X). 
Hence the image of Ax is dense in X) i.e. (i) and (ii) hold. 

For (iv), let f G C7oo(G, (G)), g G Coo{G,X), and s G G. Then 

[ALMG)(f)*Ax(g)](5) = / Aii(G)(f)(t)Ax(g)(5-t)dt 

= [ [s^t*m¥t-ss{s-t)]dt 

Jg 

= [ [5-t*f{t)*6t^sMs-t)dt 
Jg 

= [ [S^s*mHs-t)dt 
Jg 

S-s[i{t)gis-t)]dt 

G 



6.S [ f (t)g(s - t)dt 
Jg 



= Ax(f*g)(s). 

The final result follows from continuity. 

Finally, (iii) follows since ||Ax(f)|U = l|f|Uiff'' = l- ^ 

Theorem 3.2. LetuJ and a be weights on G such thatuj ^ 1, uj a , ooa ^ 1, 
and let X he an essential Banach L\{G)-module. Then Ax(ker '^'^^) is dense 
in kerH;^. //, in addition, a = 1, then Ax(ker = kerH^. 

Proof. For simplicity, we set H := and <I> := We first note that, 

by O Theorem 7.44], we can assume that a > 1. Thus X becomes a 
unital Banach Mq- (G)-module [U Theorem 7.14] or [3j. Also, from cr ^ w, it 
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follows easily that X is both a unital Banach M^^ (G)-module and an essential 
Banach Li(G)-module. Now let f G ker$. Then 



n[(Ax)(f)] = / 5t[Kx{m)]dt 
Jg 

= [ 6t[S.tnt)]dt 
Jg 

Jg 

= [ Sef{t)dt 

Jg 



G 

= 0. 

Hence Ajs:(ker$) C kerll. 

Now suppose that f G ker 11 and e > 0. There is g G Cqq{G, X) such that 
||f — g|| < e. Let [/ be a compact neighborhood of e, and let {ei}i^i be a 
bounded approximate identity in L^jiG) for X. It is well-known that {ejjie/ 
can be chosen such that 

{ei}i67 C Coo(G) and supp Cj C f/ (i e /). (1) 

Let M > be an upper bound for {ejjig/. Define, by induction on n, 
Xn & X and Cn G {ei}ig/ such that 

xo := n(g), - e„x„|| < 2"'^e and x„+i := x„ - e„x„. (2) 

We first observe that, for each n G N, ||xn|| < 2~'^'^^e. Also 

||xo|| = ||n(g)|| = ||n(f-g)K||f-g||<e. 

Hence 

oo oo 

^ ||e„||||xn|| ^ Me + M ^ 2-"+^e = 3Me. 

n=0 n=l 



Thus, if we put h = ax \ e„ (8) > , then, from (1), 

ln=0 J 

heCoo(G,X), and ||h|| < 3Me. (3) 
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Moreover, from Proposition I2.4( i) and (2), 

oo 

n(h) = n[ax(X]en®x„)] 

n=0 

oo 

— ^ ^ Cn^n 
n=0 

oo 

= '^{Xn-Xn+l) 

n=0 
= Xq 

= n(g). 

Hence g - h G ker 11 n CooiG, X). Thus if we put m(t) = ^^(g - h)(t), then 
it follows that m G ker <I> and Ax(m) = g — h. Therefore 

g - h G Ax(ker $). 

Finally, from (3), we have 

||f-(g-h)|| ^ ||f _g|| + ||h|| 
^ e + 3Me 
= (1 + 3M)e. 

Hence Ax(ker<I>) is dense in kerH. 

When cr = 1, by Theorem 13. ll fiii). Ax is an isometry on LIj{G,X). Thus 
Ax(ker<I>;5) is norm-closed. Therefore it is the same as kerH^. □ 



4. THE SPACE OF DERIVATIONS AND THE AUGMENTATION IDEAL 

Let A be a Banach algebra, and let <^ be a character on the Banach algebra 
A (i.e. 99 is a non-zero multiplicative linear functional on A). Then C is a 
Banach ^-module for the product defined by 

a • z = z ■ a = ip{a)z (a G A, 2; G C); 

this one-dimensional module is denoted by C^. A derivation from A into 
is called a point derivation at ip; it is a linear functional d on A such that 

d{ab) = d{a)(p{b) + ip{a)d{b) (a, b G A). 

It is well-known that if A is weakly amenable, then there is no non-zero 
continuous point derivation on ^ [3l Theorem 2.8.63(ii)], i.e. Z^{A,C^) = 
{0} for every non-zero multiplicative linear functional 99 on A. However the 
converse is not true! For example, if & is the group of rotation of M^, then, 
by \19\ Corollary 7.3], the Fourier algebra A(&) is not weakly amenable but 
we know that it has no non-zero continuous point derivation [11', Proposition 
1]. Other examples include suitable lipschitz algebra and Beurling algebras 
0. 
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Our purpose in this section is to show that for Beurling algebras a weaker 
version of the converse is true. We start by considering the following well- 
known character on M^{G), and the point derivations on it. 

Definition 4.1. Let oj be a weight on G such that uj ^ 1. Then the map 

if'^ : M^{G) C defined by 

is the augmentation character on M(^{G) and its kernel in L^{G) is the 

augmentation ideal of LIj(G). 

We will show that not having continuous non-zero point derivations on 
the augmentation character will determine derivation spaces for a large cases 
of modules. The following lemma indicates the relationship between the 
augmentation ideal and the kernel of (f)^ . 

Lemma 4.2. Let lo ^ 1 and a he weights on G, let X be a Banach L\{G)- 
module, and let /q he the augmentation ideal of LIj{G). Let i^idx '■ — >■ 
LIj{G)®X he the norm- decreasing linear operator specified by 

L^idxif ®x) = f (S)x ifeIo,xeX). 

Then i ® idx is a hi-continuous algebraic isomorphism from Lq®X onto 
ker0^. 

Proof. It is clear that idx{Lo^X) C ker^;^. On the other hand, let 

oo 

u = ^ fn® Xn ^ ker (/>;J. Fix g G Cqq{G) with jQg{t)dt = 1, and consider 

n=l 

the continuious projection P: LIj{G) Iq defined by 

P{f) = f-9 [ fdt ifeLliG)). 
Since (j)-^ (u) = 0, we have 

oo oo „ 

U = YP{fn)®Xn + Y^{g fn{t)dt®Xn) 
n=l n=l •''^ 

oo oo „ 

= YP{fn)®Xn + Y^{g®[l fn{t)dt]Xn) 
n=l n=l 

oo oo „ 

= YP{fn)®Xn+g®Y[ fn{t)dt]Xn 
n=l n=l •''^ 

oo 

= YP{fn)^Xn+g<^(p^iu) 

n=l 

oo 



n=l 
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Hence u S i®idx{Io®X). Thus i®idx{Io®X) = ker (/)^. Moreover, P®idx 
is the right inverse ol idx, i.e. l idx is one-to-one. The bi-continity 
fohows from the open mapping theorem. □ 

Theorem 4.3. Let to and a he weights on G such that uj ^ 1, uj ^ a, 
uja ^ 1, and let X he an essential Banach L\{G) -module. Suppose that 
Zi(Li-(G),C^..) = {0}. Then: 

(i) ker <I>;J- is an essential Banach ker ^^'^^''^^ -module; 

(ii) kerll^ is an essential Banach kerlli^'' -module. 

Proof. It follows from Proposition l2.4l fiiil that ker is a Banach ker 
module. Thus it remains to show the essentiality. 

Let Iq be the augmentation ideal of LIj-{G). Since Ll^^{G) has no non-zero 
continuous point derivations at c^q"^, /q := IqIo is dense in Iq [3l Proposition 
1.8.8]. Hence, from the essentiality of X, 

Io®X = [{h^Ll{G)){h®X)]- . 

Therefore, by Lemma [4.21 if we apply i®idx to the both sides of the above 
equality, we have 

ker</.^^ = [ker</>^|(^)ker0^^]-. 

The final result follows from applying ax to the both sides of the preceding 

equality and using Theorem 12.2^ 1) and Corollary I2.5l fii) . 

(ii) It follows from part (i), Theorem 13. ll fiv). and Theorem 13. 2i □ 

Let ^ be a Banach algebra, and X be a Banach A-bimodule. There is a 
Banach j4-bimodule actions on A®X specified by 

a ■ (h ® x) = ab X , {h®x)-a = b®xa (a,6e^, xSX). 

Corollary 4.4. Let uj and a he weights on G such that uj ^ 1, uj ^ a, 
Loa ^ 1, and let X he an essential Banach L\{G) -module. Suppose that 
^i(^L(G),C^^.) = {0}. Then 

kervr^ = spaii{/ -u-u- f \ f e Ll{G),ue kervr^}. 

Proof. From Theorem l4.3( ii). Theoem l2.2( i). and Proposition l2.4( i) . we have 

kervrf = [ker vr^-^'^) ker vrf ]". 

Hence it suffices to show that 

[kervr^^^) kervrf ]" = span{/ -u-u-flfe LI{G),u e kervr^}. (1) 

Let {ei}ig/ be a bounded approximate identity in LIj{G) for LIj{G), L^{G), 
and X. For every / S L}^[G) and u E kervr^J, 

f -u-u- f = lim if (g) ei - a <g) f)u £ [ker vr^-C^) ker vr^]". 
Hence "D" follows in (1). 
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oo 

Conversly, let m G ker tt^ and v = fn® dn ^ ker ■k^'^^^\ We have 

n=l 

oo 

[ei ® ei)v = ^ eifn ® eiQn 

n=l 

oo 

= ^[(cj 5'„)(/„ ei - ei /„ + ei /„)] 

n=l 

oo oo 

= ^ [(ci s-n) (/n ® ei - ei /„)] + e,^ ^ 

ra=l 71=1 
oo 

= ® ® ei - ei /„)] + ei 7r^^^^^(v) 

ra=l 

oo 

= y^[(ei (g) ff«)(/n ei - ei (g) /„)]. 

ra=l 

However, it is straightforward to check that, for each n G N, m • G ker vr^ 
and 

[(ci gn)ifn ®ei-ei® fn)]m ^ fn-[m- gn] - [m ■ gn] ■ fn 
as i — > 00. Hence 

[(ci gn){fn ®ei-ei® fn)]m £ spaii{/ -u-u- /I / GLi(G),^xGker^^}. 
The final result follows since (ei ® ei)vm vm as i — > 00. □ 

Theorem 4.5. Let u} and a he weights on G such that to ^ 1, u) ^ a, 
Loa ^ 1. Suppose that Z^{Llj-{G),C^u>a) = {0}. Then, for any Banach 

L]j{G) -module X, every continuous derivation from LIj{G) into X is zero. 

Proof. First consider the case X = X*, where X is an essential Banach 
Li(G)-module. 

Let D: Ll^{G) — > X* be a bounded derivation. Define the bounded 
operator D: LIj{G)®X — > C specified by 

D{f ® x) = {D{f) , x) {feLl{G),xeX). 

We first claim that 

D = on kervr^. (1) 
A straightforward calculation shows that, for all f,g,h G LIj{G) and x G X, 

^[f ■ {gh X — g hx) — {gh x — 5 (g hx) • /] = 0. 
On the other hand, from Corollary 14.41 

kervr^ = spaii{/ -u-u- f \ f e LI{G),u G kervr^}. 
Hence (1) follows if we show that 

ker TT^ = spa.n{gh ® x — g ® hx\ g,h ^ lIj{G),x G X}. (2) 
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Let u = /n. ® G kervr^. Let {eijjg/ be a bounded approximate 

n=l 

identity in LIj{G) for both LljiG) and X. Then 

CXJ 

Si ' U = ^^(Cj/n (8) Xn — Cj fnXn -\- Si ® fnXn) 
n=l 

oo oo 

= ^ '^ jsjfn 2;^ 6i fnXn) + Cj ^ ^ fnXn 
n=l n=l 

CX) 

= y^(et/n Xn - fnXn) + Sj ® TT^ ju) 
n=l 
oo 

= ^ ^^ {Sjfn ® Xn — fnXn)- 
n=l 

Thus (2) fohows since • n ^ u as « ^ cxo. Hence, since D is a derivation, 
for aU g £ L^(G) and x G X, 

{D{g) , x) = D{g^x) 

= hm D{g xci) 

= lim{eiD{g) , x) 

i—*oo 

= hm [{D{eig) , x) - {D{ei)g , x)] 

J^OO 

= hm D{eig ® x — Ci® gx) 
= 0, 

where the final equahty follows from (1). Hence D = 0. 

The general case follows by adapting an argument similar to the one made 
in the proof of [3', Theorem 2.8.63(iii)]. □ 

5. WEAK AMENABILITY 

In this section, we present our main results on weak amenibility. We 
first recall that if w is a weight on G such that lo ^ 1, then the strong 
operator topology on M^{G) is defined as follows: a net {fia} converges to 
{jia 1^) if and only if /i^ * / — > * / in norm for every / € LIj{G). From 
O Lemma 13.5], both L^j^G) and /^(G) are s.o. dense in M^{G). 

The following proposition gives a sufficient condition on uj so that LIj{G) 
has no non-zero continuous point derivation. This has been indicated in 
various references for particular cases but we have not seen it in its general 
form, so it seems worthwhile to provide a complete proof of it. 



Proposition 5.1. Let uj be a weight on G such that u ^ 1. Then 
(^) Z\Li{G),C^^J = {0} whenever Z\li{G),C^^) = {0}. 
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(ii) Suppose that, for every t £ G, mi{u{nt)/n | n G N} = 0. Then 
Z\Li{G),C^^) = {0}. 

Proof, (i) Let d: LIj{G) ^ C be a continuous point derivations at ip^. By 
O Theorem 2.9.53] and [5, Theorem 7.14], there is a unique extension of 
d to a continuous derivation d: M^{G) C; the action of M(^(G) on C is 
defined by 

fi- z = z- n = fJ.{G)z (/i G M^(G), z G C). 

Moreover, d is continuous with respect to the strong operator topology on 
M^{G). Clearly the restriction of d to /^(G) belongs to ^^(^^(G), C^-). 
Therefore d = on However, is dense in M^(G) with respect 

to the strong operator topology. Hence d = 0, and so d = 0. 

(ii) Take d G Z\ll{G),C^^) and t G G. For every n G N, d{5nt) = 
n[S^n-i)t ■ d{5t)] = nd{5t). Hence 

\\d{5t)\\^\\d\\\\5nt\\/n=\\d\\oo{rit)/n. 

Thus, from the hypothesis, d{5t) = 0, i.e. d = 0. 

The final results follows from part (i). □ 

We note that for any weight a; on G, its symmetrization is the weight de- 
fined by := uj{t)u}{—t) {t G G). We can now use Theorem l4.5l to present 
a class of weakly amenable Beurling algebras. This has been already estab- 
lished, by N. Groenbaek, for Beurling algebras on discrete abelian groups 

[Ml- 

Theorem 5.2. Letuj be a weight on G such that, for every t G G, inf{$7(nt)/n 
n G N} = 0. Then Ll^{G) is weakly amenable. 

Proof. Let M"^* := (0, oo) be the group of positive real numbers with respect 
to multiplication. By [5l Theorem 7.44], there is a continuous character 
(i.e. a non-zero group homomorphism) x- G ^ such that loi := uj/x 
is a weight on G, loi ^ 1, and LIj{G) is isometrically isomorphic to L}^_^{G). 
Therefore it suffices to show that LIj_^{G) is weakly amenable. Since x is a 
group homomorphism, for every t € G, 

LOl{t)uJl(t) = L0{t)uj{t) = n{t). 

On the other hand, by Proposition 15. 11 there is no non-zero continuous point 
derivation on Lq{G) at ip^. Hence, from Theorem 14.51 every continuous 
derivation from L^^(G) into any Banach L^^^ (G)-module is zero, i.e. ^ij(G) 
is weakly amenable. □ 

We would like to point out that the condition in Proposition 15.11 is not 
necessary for vanishing of 2^^(L^(G), C^^). Indeed, in Theorem 17.61 we will 
present examples of Beurling algebras with sharp growing weights which 
have no non-zero continuous point derivations. 
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6. 2-WEAK AMENABILITY 

Let w > 1 be a weight on G. Define the function loi on G by 



uji[s) = inn sup — 



inf i sup i ~^ ^ ■.t^K \ \ K IS & compact subset of G 



jsup |- 



u:{t) 

It is clear that oji is a sub-additive function on G such that uji < uj and 
LoCbi > 1. However, we do not know whether uji is continuous. Nevertheless 
we have the following lemma: 

Lemma 6.1. Let uj > 1 be a weight on G, and let cji he as above. Then: 

(i) uji is measurable; 

(ii) there is a weight on G, denoted by a^j, and positive real numbers M and 
N such that 

MuJi(t) < a^{t) < Nuji{t) (t G G). 
In particular, a^^ is bounded if and only if uji is bounded. 

Proof, (i) Let r > 0, Gr ■= {x £ G \ cji(x) < r} and s £ Gr- There is a 
compact subset K of G and < ri < r such that 

snp{'^^^^:t^K}<r,. (1) 

Let U a compact neightborhood of identity in G satisfying 

sup{a;(si) : si G U}ri < r. (2) 

This is possible because uj is continuous and uj{e) = 1. Now take si G U. 
From (1) and the fact that uj is sub-additive, we have 

,(jj(t + S + Sl) . ^Lo(t + s) , , s. , , 

sup{^ -—^ ■.tiK}< sup{ ^ , . ' : t i K}u:{si) < rMsi)- 

uj\t) ^\t) 

Hence it follows from (2) that 

sup{ ^^^ + s + gi) .idx,sieU}< supiwfsi) : si G U}ri < r. 
uj{t) 

This implies that wi(s -|- si) < r for all si £ U i.e. s -|- [/ C Gr- Thus Gr is 
open. Hence oji is measurable. 

(ii) It follows from (i) and [20', Definition 3.7.1 and Theorem 3.7.5]. □ 

The importance of o"^ is presented in the following lemma in which we 
show that a certain Banach L;^(G)-module can be regarded as an L\^{G)- 
module. This interesting phonomenon helps us to connect the space of 
derivations into the second dual of LIj{G) to the behavior of the augmen- 
tation ideals of (G). Indeed, we will see in Theorem 16.41 that, for the 
case when is bounded, this gives us a precise correspondence between 
continuous point derivations at (/Jq and 2- weak amenability of LIj{G). 
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We recall from [5, P. 77] that Ly^{G), as the dual of Ll^{G), is a Banach 
-^tj(G')-module. In particular, for each / G Ly^{G), we have 

f.5t = 6ff = 6^t*f (tGG). 
Moreover, LUCy^{G) = LUG)L^/JG). 

Lemma 6.2. Letuj > 1 be a weight on G, and let = LU Ci/^{G) /Cq^i/^{G). 
Then the standard action of G on extends continuously to an action of 
M^^{G) on Xi^. In particular, X^ is a unital Banach M„^{G) -module and 
an essential Banach L^^{G) -module. 

Proof. For simplicity, put a = a^^. 

By Lemma |6.H there is M > such that toi < M^^a^. We first show 
that for every t G G and x G X^, 

\\6fx\\<M-^\\yL\\a{t). (1) 

Let e > 0. There is a compact set Ft in G such that, for every s ^ Ft, 
a;(s + t)/io{s) < M~^a{t) + e. Pick a continuous function ft on G with 
compact support such that 

0<ft<l, ft = Ion Ft. (2) 

Let X = g where g £ LUCi/^{G). Since 6t ■ g - {I - ft){5t ■ g) = fti^t ■ g) S 

Co,l/a;(G'), 

\\5f^\\ = \(A^g)\<\\{l - ft){5f g)\\y^. 
On the other hand, from (2), 

\\{l-ft){5fg)\\,/^ < ^nvi'^^^^j^ \ s i Ft} 

\g{s + t)\ 

= supj -— \ sfFt} 

w(s) 

= sup{ '^) /' > \ siFt] 

uj[s-\-t) uj[s) 

< ||<7lli/.(M-V(t)+e). 

Therefore 

||^t-x|| < \\g\\y^ {M-'a{t) + e), 

and so, (1) follows since ||x|| = inf{||5f||-|^yj^ | ^ = x} and e was arbitrary. 
Now suppose that £ M^{G). By [5, Proposition 7.15], the map 

s 6s-x, G ^ X^ 

is continuous. Hence it is |//|-measurable. Moreover, from (1), 

/ ||(5^ • x|| < M-M ||x|| (T(s)(i|/i| = M"^ ||x|| ll^ll^ . 
JG Jg 
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Therefore the Bohner integral fi-x = ds-^d/j, is well-defined and ||/U • x|| < 
M"'^ ||x|| [6, Appendix B.12]. 

The essentiality of follows simply because is the closure of Coo(G) • 
X^. □ 

Theorem 6.3. Let to ^ 1 be a weight on G. Suppose that (-^io-^j (G) , C^j^<^^ ) = 
{0}. Then L\j{G) is 2-weakly amenable. 

Proof. Let D: Ll^{G) LIj{G)** be a bounded derivation, and let 

Xuj = LUCi/^{G)/Co^i/^{G). 

By the first paragragh in the proof of \5\ Theorem 13.1], imD C (Co.i/(^(G))-'-, 
where 

Co,i/UG)^ = {Me LliG)** I M = on C7o,i/JG)}. 
Hence D can be regarded as a bounded derivation from LIj{G) into Cq i/uj{G)'^ = 

On the other hand, since L]^{G) has a bounded approximate identity, by 
a result of Johnson [3, Corollary 2.9.27], 



L^i {G) Ll(G)L?°, (G) 

= Z'[Li{G),x:] 
= 0, 

where the last equality follows from Lemma 16.21 and Theorem 14.51 We note 
that, by Lemma [STTl there are M, N > such that N~^a^ < uj and loa^ > 
M. Hence one can easily verify that Theorem 14.51 is valid for ui and a^. □ 

Theorem 6.4. Let uj 1 be a weight on G. Suppose that a^j is bounded. 
Then Z^{LIj{G),C^^) = {0} if and only if LIj{G) is 2-weakly amenable. 

Proof. Since is bounded, Ll^{G) is a dense subalgebra of Ll^-^{G). 

Hence LIj-^{G) has no non-zero continuious point derivation at v^q"^, and so, 
the result follows from Theorem 16.31 

Let X := X^ be as in Theorem [631 By [131 Proposition 2.2], X* is 
an L;J;,(G)-sub module of LIj{G)**. Thus, by hypothesis, 

Z'[LliG),X*] = 0. (1) 

On the other hand, by Lemma [6.21 and the fact that cji^ is bounded, X is an 
essential Banach L^(G)-module. Therefore from the argument presented in 
the proof of Corollarly 14.41 (equation 1) and Theorem 14.51 (equation 2) we 
have 
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[ker^f;'(G)ker7r^]- = span{/ • n - n • / | / G Li(G), n G ker tt^} 
C ker vr^ 

= span{g/i (^x — g(^hx\g,h & lIj{G),x G X}. 

We claim that 

ker7r^ = [ker7r^'(G)ker^^]-. (*) 

Let T G (Li(G)§X)* such that T = on ker vr^^' ^'^^ ker vr^ . Hence, for 
every /, g, /i G -Z^i(G) and x ^ X, 

T[f • {gh 1^ X — g hx) — {gh ® x — g ® hx) • /] = 0. 

Thus if we let T: LIj{G) —>■ X* be the bounded operator defined by 

{f{f) , x)=Tif0x) (/GLi(G),xGX), 

then a simple calculation shows that 

f{fgh)-ff{gh)-fifg)h + ff{g)h = {f,g,hGLUG)). (2) 

Define the bounded operator D : Ll{G) ^^i (G)(i^i(G), X*) by 

DU){9)=f{fg)-ff{g) {f,g e LI{G)). (3) 

From (2), it is easy to verify that D is well-defined. Moreover, upon setting 

{f-S,x) = {S-f,x) = {S, fx), 

the space ^S^i X*) becomes a Banach yl-module and V becomes 

a bounded derivation from LIj{G) into Bii(^q-^{LIj{G), X*). However, since 
LIj{G) has a bounded approximate identity, Bl\^{^g){LIj{G), X*) is isometric 
with X* as Banach Llj{G)-viio(hAe. Thus, from (1), D = 0. Therefore, from 
(3), T{fg) = fT{g). So T vanishes on 

span{gh ®x — g(^hx\g,h^ lIj{G),x G X} = ker vr^. 

Thus (★) holds. Hence, by Theorem 12.2^ 1) and Corollarv l2.5( i). 

kerH^ = [ker nf;'(<^) ker n;^]"- 
However, from Theorem 13. If iii). Ax is invertible, and so, by Theorem! 
kercD^ = A^i(kern^) 

= [A-i(^)(kerni'(«))A3,i(ker7r^)]- 

= [ker ^^'e^) ker $^]-. 
Therefore, by Corollary 12.5( 11). 

ker(/>^ = [ker0i'(^)ker0^]-. 
It follows from Lemma 14.21 that 

lo^X = [iIo^L\G)){Io^X)]' . 
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Hence Iq = Iq. 

This completes the proof. □ 

Remark 6.5. Let {Llj.{Gi)}^^^ be a finite set of Beurhng algebras, and let 
a; := wi X • • • X be the function on G := Gi x • • • x G„, defined by 

n 

Lo{ti, ■■■ ,tn) = JJa;j(ti) (0 < « < n,tj e Gj). 

i=l 

It is well-known that cj is a weight on G so that Ll^iG) is algebraiclly iso- 
morphic with 0^^-^Llj_{Gi) [Ul Proposition 1.2]. Now suppose that, for each 
i, > 1, Ci^i is bounded, and Llj_{Gi) is 2-weakly amenable. Then LIj{G) is 
2-weakly amenable. Indeed, since a^^ is bounded, by the preceding theorem, 
it suffices to show that Z^{Ll^{G),C^^) = {0}. However from our assump- 
tion and Theorem 16.41 Z^(L^. (Gj), C<^^) vanishes for each i. Therefore it 
can be easily shown that Z'^{Llj{G),C^p'^) = {0}: this follows from the fact 
that = 

We finish this section with the following corollary, which was obtained in 
|13j by a different method. 

Corollary 6.6. Let uj ^ 1 be a weight on G. Suppose that is bounded 
and 'mi{uj{nt)/n | n G N} = 0. Then Ll^{G) is 2-weakly amenable. 

Proof. By Proposition 15. H there is no non-zero continuous point derivation 
on LIj{G) at ifQ. Hence the result follows from the preceding theorem. □ 

7. WEIGHTS ON COMPACTLY GENERATED ABELIAN GROUPS 

Let G be compactly generated (abelian) group. Then, by the Structure 
Theorem, 

G ^ M'^' X X T (*) 

where k,m £ NU {0} and T is a compact (abelian) group. Therefore we can 
define a continuous sub-additive function on G by 

where t = (ii,i2) G G, G M'^ x Z™", and || • || is the Euclidean norm on 
]^fc+m_ "We can use this function to construct different weights on G. 
For a > and G > 0, let 

c^(t) = G(l + |t|)" (t G G). 

It is easy to see that w is a weight on G; it is called polynomial of degree a. 
The following theorem is a generalization of O Theorem 13.2 and 13.9]. 

Theorem 7.1. Let G be a non-compact, compactly generated group, and let 
CO and a be polynomial weights of degree a and (3, respectively. Then: 
(i) if a > 13 and a -\- (3 < 1, then, for any Banach L\{G)-module X, every 
continuous derivation from Ll^{G) into X is zero: 
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(a) L^(G) is weakly amenable if and only if a < 1/2; 
(Hi) LIj{G) is 2-weakly amenable if and only if a < 1. 

Proof, (i) follows from Theorem 14.51 and Proposition IS-lT ii) . 

For (ii), if a < 1/2, then, from part (i), L^j^G) is weakly amenable. Con- 
versely, suppose that a > 1/2. Since G is not compact, it has a copy of M 
or Z as a direct sum. Hence there is a continuous algebraic homomorphism 
from LIj{G) onto either L;Jj|^(M) or /^^^^^(Z). However, neither of these alge- 
bras are weakly amenable O Theorem 7.43] and [3l Corollary 5.6.19]. Hence 
LIj(G) is not weakly amenable. 

Finally, for (iii), it is easy to see that limsup — ^ ^ ^ = 1. Hence, by 

Theorem 16. 4( it suffices to show that there is no non-zero continuous point 
derivation on L^(G) at cpQ if and only if a < 1. The "if part follows 
from Proposition I5.1( ii) and the "only if part follows from the fact that, 
for a > 1, the Fourier transform of the elements of L,^„ (M) and (Z) 
are continuously differentiable [5| Theorem 13.2 and 13.9]. This gives us a 
non-zero continuous point derivation on L\^(G). □ 

Another family of weights that are considered on compactly generated 
groups are the exponential weights. A weight u) is said to be exponential of 
degree a, < q < 1, if there exists C > such that 

a;(t) = e^l*l", (teG). 

By our method, we can investigate the question of 2-weak amenability for 
these families of Beurling algebras. 

Theorem 7.2. Let G be a non-compact, compactly generated group, and 
let u) be an exponential weight of degree a. Then LIj{G) is not 2-weakly 
amenable i/0 < a < 1. 

Proof. It is easy to see that, for < a < 1, limsup '^'^ is bounded by 

1. Also a similar argument to that presented in Theorem 17.1 ( iii) gives us 
a non-zero continuous point derivation on L^{G). Hence the result follows 
from Theorem Em □ 



Remark 7.3. (i) We note that the result of the preceeding theorem holds, 
with the same argument, for weights of the form u){t) = e^'^'*'), where p is 
a positive increasing sub-additive function which belongs to the Lipschitz 
algebra on = (0, oo) with the degree < a < 1. 

(ii) We would like to point out that the result of Theorem 17.21 is not true in 
general when a = 1. Indeed, it is demonstrated in [5l Theorem 13.3] that 
for uj{n) = e'"!, /^(Z) is 2-weakly amenable. 

Theorem 17.21 can be generalized to a larger class of weights. Let q: — > 
be a decreasing continuous function such that 

lim q[r) = and lim rq[r) = oo. 



1 — >+oo r— >+cxD 
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Then the function u: G — > [1, oo) given by 

c^(i) = 61*19(1*1), (teG) 

is a weight on G. All weights constructed as above belong to a family of 
weights that satisfy a so-called condition (S). This condition is defined in 
order to get the symmetry of the certain weighted group algebras on non- 
abelian groups. We refer the reader to [8] and [9] for more details. 

Theorem 7.4. Let G he a non-compact, compactly generated group, and let 
q and to he as ahove. Suppose that rq[r) > ln(l + r) for sufficiently large r. 
Then LIj{G) is not 2-weakly amenahle. 

Proof. Let t,s £ G with \t\ > \s\, and put r = \t\ — \s\. Then |i — s| > r, and 
so, from the fact that q is decreasing, 

l^kd^l) ~ I* ~ ^kd^ ~ '^D ^ [r + |s|]g(r + — rg(r) 

= r[q{r + \s\) - q{r)] + \s\q{r + \s\) 
< \s\q{r+\s\) 

Hence 

uj{t + s) u;{t) \s\ci(\t\) 1 

limsup — = limsup— < hmsupe' = 1, 

i^oo ^{t) t^oo U![t — S) t^oo 

since lim q{\t\) = 0. Therefore o"(^ is bounded. On the other hand, by 

t^oo 

hypothesis, > 1 + |x| outside a compact set. Thus the result follows in 
a similar way to Theorem 17. 2i □ 

Some examples of such weights are presented in [5 Example 1.7]. They 
are, for instance, given by 

(i) Lo{t) = e^l*l" = e'*'MT^,C > 0,0 < a < 1, 

(ii) uj{t) = e "T rl , < < 1, {on} decreasing to 0, E^;^c„ < 

(iii) uj{t) = e'^Me+|t|) , 
c 



oo, 



(iv) uj{t) = e (in(<=+|t|))'= , A; > 

In Theorem 1 7. 11 we gave examples of 2-weakly amenable Beurling algebras 
over (symmetric) polynomial weights. Now we will present a family of non- 
symmetric weights on M and Z for which the Beurling algebras are 2-weakly 
amenable and, at one side, they have a much faster growth. Let < a < 1/2 
and define the functions and ooi on R and Z, respectively, as follows: 

uj^{t) = 1 if t > and u;R(t) = e'*'" if t < 0; 
^lin) = 1 if n > and ujz{n) = e'"' if n < 0. 
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It is straightforward to verify that and uj^ are weights. 

Proposition 7.5. Let a, lo^ and uz be as above. Then: 

(i) llj^{'L) is 2-weakly amenable; 
(a) L^j^(M) is 2-weakly amenable. 

Proof, (i) It is easy to see that, limsup — — ^ = 1. On the other hand, 

ilj^iWj) is a commutative regular semisimple Banach algebra on T = {z G C | 
\z\ = 1}. It is shown in [23j that, since 

limsup lnu;(— n)/v^ = 0, 

singeltons in T are sets of spectral synthesis for l^^^iZ). Thus there are no 
non-zero continuous point derivations on /^^^^(Z). Hence the result follows 
from Theorem 16.41 

(ii) Since ci^g is bounded, by Theorem 16.41 and Proposition 15. l( i). it suffices 
to show that 

^i(/ijR),C^j^«) = {0}. 

Let d G Z'^{llj^{R), C^'^r). For every r G M+, let (r) be the discrete additive 
subgroup of M generated by r. Clearly the closed subalgebra Ar of ^ig(IK) 
generated by the restriction to (r) is algebraically isomorphic to 
Thus, from (i), d = on Ar, and so, d{6r) = d{6-r) = 0. Hence d = 0. □ 

The preceding theorem and Remarks 16.51 can be routinely employed to 
construct fast growing weights on compactly generated groups for which 
the Beurling algebras are 2-weakly amenable. For each 1 < i < k and 
1 < j < m, let < < 1/2 and < f3j < 1/2, and let Wq- and uj0. be 
the weights on M and Z associated, as in Proposition 17.5^ with and f3j, 
respectively. Put 

k m 

1=1 j=l 

By the identification (★), oj defines a weight on G. 

Theorem 7.6. Let G be a compactly generated group, and let uo be as above. 
Then LIj{G) is 2-weakly amenable. 
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